In conformal time, the barotropic FRW equations can be reduced to a simple oscillator equation for an exponential involving the conformal Hubble rate. Here, we show that an interesting class of similar barotropic scale factors of the universe can be obtained from a special type of nonlinear dissipative barotropic FRW equation with the nonlinear dissipation built from Chiellini's integrability condition.
I. THE FRW BAROTROPIC OSCILLATOR AND THE ASSOCIATED ERMAKOV-PINNEY EQUATION
The following normalized to unit amplitude scale factors of the universe, a(η), in conformal time 
whereγ = (3/2)γ − 1, γ, the adiabatic index, η 0 , an arbitrary constant, correspond to the three cases of the curvature index κ, i.e., κ = −1 for a repellent universe, κ = 0 for a flat universe, and κ = 1 for a closed attractive universe, are well known and have entered textbooks since several decades [1] . These scale factors can be obtained in conformal time parametric form by integrating the comoving Einstein-Friedmann dynamical equations of barotropic FRW cosmologies (we use˙= d/dt)ä a = − 
Our goal here is to use the reduction of the barotropic FRW equations to the simple harmonic oscillator equation, first performed by Barrow [2] , to show that a modified oscillator equation which incorporates the so-called Chiellini damping displays almost identical scale factors of the universe. In 1999, Faraoni [3] reduced the barotropic FRW equations to a single Riccati equation for the Hubble parameter in conformal time, H(η), of the form (
which is easy to linearize through the logarithmic derivative transform H = a ′ /a. The Riccati-based approach of the barotropic FRW type cosmological models has been further developed in several papers [4] . Notice that for γ = 2/3 equation (3) reduces to H ′ = 0 which is not a Riccati equation and therefore the arguments that we will present in the following do not apply in this case. Moreover, equation (3) is just the Riccati equation of the harmonic oscillator, if one setsγ ≡ ω 0 for the closed universe case and assumingγ > 0. For the open case the analogy is with the up-side down harmonic oscillator. The main difference resides merely in the independent variable, which in the cosmological framework is the conformal time, whereas in the harmonic oscillator case is the usual Newtonian time.
Usually the conformal Hubble parameter is defined as the logarithmic derivative of the scale factor of the universe, H(η) = a ′ /a, which is related to the observational (comoving) Hubble parameter through H(η) = a(t)H(a(t)), for a discussion of this issue see [5] . Here, we define the conformal Hubble parameter directly in terms of the zero modes, i.e., the particular solution u of the linear equation, as H u (η) = u ′ /γu. Substituting H u in equation (3) leads to the harmonic oscillator differential equation
The relationship between the functions u and a is given by u(η) = a(η)γ, or vice versa, a(η) =γ u(η), so it does not matter which of them is used in calculations. However, the fact that u is the solution of an oscillator equation helps to make connections with other well-known equations in mathematical physics which in this way can be introduced at the cosmological level. In particular, the nonlinear non-dissipative Ermakov-Pinney (EP) equations have long been known to have profound connections with the linear equations of identical operatorial form without the inverse cubic nonlinearity and because of this they have been seen as an example of 'nonlinearity from linearity' [6] . The fundamental importance of the EP equation for parametric oscillators, both classical and quantum-mechanical, with their vast application reaches is well established in the literature. Previously, the EP equations have found their way in cosmology [7] [8] [9] [10] [11] , but here we will introduce a completely different EP equation with an additional nonlinear dissipation term and also its particular case without the inverse power nonlinearity.
For the cosmological barotropic oscillator (4), the corresponding EP equation reads
which we will also write as
The particular solutions of this equation can be written immediately in the form (we assumeγ > 0), see [14] 
by making use of the Pinney superposition formula [12] v(η; c) =
where W is the Wronskian of the two linearly independent solutions u 1 and u 2 of (4).
As a byproduct, one can introduce the Ermakov-Lewis invariant I for barotropic cosmologies, which is constructed from the solutions of (4) and (5) as follows
and can be also written as
where α and β are the superposition constants of the general solution u, see [15] . For the textbook cases given in (1), I reduces to
II. THE CHIELLINI DISSIPATIVE BAROTROPIC EQUATION
We introduce now the above-mentioned dissipative equation that we call the Chiellini dissipative EP equation as an equation having the same h function as in (6), but with an additional nonlinear damping term
where the dissipation function g(ṽ) is obtained from h(ṽ) using Chiellini's integrability condition of the corresponding Abel equation [13] d dṽ
Regarding (12) with damping (13), we state the following important result. The dissipative EP equation (12) is equivalent with the nondissipative EP equation (14) when the Chiellini condition (13) is satisfied for p = −2.
To prove this, let us notice that ifṽ
the dissipative EP equation becomes nondissipative. Let us differentiate (15) with respect to η to obtaiñ
and now we use (13) to getṽ
which is exactly (14) when p = −2. The remarkable feature of this result is that it allows us to find the dissipation g(ṽ) of (12) without knowing the solutionṽ as follows.
Multiply (14) byṽ
which can be written as
which by one integration leads to
Thus:ṽ
and now we use (15) to obtain
From (21) by one quadrature, we have
If we define
then the solution to (14) is found from (23) via the inversioñ
where c 1 , η 0 depend on the two initial conditions. Also, the nonlinear equation becomes linear with g(ṽ), h(ṽ) given by
and with solution to the linear dissipative equation
given by (25). Using h from (6) together with (22) leads to
Furthermore, from (23) one has
By integration and inversion we then have the following general solutions of (12):
where
, c 1 and η 0 being arbitrary constants that depend on the initial conditions of (12) .
In the case of the flat universe, κ = 0, the dissipative EP equation can be written in the following linear form:
III. THE REDUCED CHIELLINI DISSIPATIVE BAROTROPIC EQUATION
At first glance, the solutions (30) do not seem to be really appealing in cosmology. However, an interesting case occurs if we take the nonlinear coupling constant c = 0 in (12) . Then, we obtain a simpler equation, which is nonlinear only because of the damping of Chiellini type:
Despite being nonlinear, this equation has in the case κ = 1 the linear harmonic solutions
as if the nonlinear dissipation does not act at all and if judged according to its solutions the equation (33) is linear. This can be checked by direct substitution. The other curvature cases also have corresponding nondissipative solutions. The only feature introduced by the reduced nonlinear Chiellini dissipation is that the amplitudes of the harmonic modes are inverse proportional to the frequency, which in fact is an Ermakov-Pinney fingerprint. Thus, one can also obtain solutions of the reduced equation (33) from the solutions (30) by taking c = 0
Notice also that the integration constant c 1 should not be zero because it occurs in the amplitude of the reduced harmonic modes. Because of the close similarity with the undamped barotropic cosmologies and the equivalence between equations (12) and (14), we introduce the scale factors of the Chiellini barotropic universes as the roots of orderγ of theũ modes,ã
Plots of these scale factors are presented in Fig. 1 and of the damping functions g r in Fig. 2 . Despite the presence of the Chiellini damping function, the scale factors of these damped barotropic universes are functionally similar to the standard scale factors of the nondissipative cosmologies. The difference is that their amplitude depends on the nonlinear damping constant c 1 and they are naught if c 1 is naught. Moreover, the scaling factors are inverse proportional with the adiabatic parameterγ. The similarity of the scale factors is due to the behavior of the Chiellini damping. As one can see in Fig. 2 , in the case of open universes the reduced Chiellini damping is negative, i.e., it is actually a gain function, and goes rapidly to a small negative plateau. Thus, it may be considered as a small contribution to the repellant properties of such universes. For the closed universes, the function g r (η) may have damping regions but also periods in which it is purely imaginary. Finally, for the flat case, the reduced damping goes rapidly to naught, while for positive nonlinear Ermakov coupling the damping has an initial period in which it is purely imaginary followed by a phase of rapidly decaying damping.
IV. CONCLUSION
A class of dissipative Ermakov-Pinney equations with nonlinear dissipation of the Chiellini type are introduced in the framework of barotropic FRW cosmologies. When the nonlinear coupling constant is set to naught, the obtained damped equations provide scale factors of the universe that are similar to those of the standard barotropic cosmologies. The Chiellini dissipative function is in many cases a dissipation-gain function in the sense that it can be also negative and even purely imaginary. Its physical nature can be surmised if we write it in the form g r (ũ; c 1 ) =ḡ κ (ũ; c 1 )ũ, wherē g r (ũ; c 1 ) = κγ 2 / c 1 − 2κγ 2ũ2 , which suggests a nonlinear convective origin. An interesting open issue concerns the possible occurrence of this type of cosmological damping with such cosmological scale factors.
